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We present a computer-simulation study regarding the effect of system size on the isotropic-nematic
transition in a molecular fluid model. Systems of 256, 500, and 864 molecules interacting through the
Gay-Berne model are analyzed along an isotherm by using molecular dynamics in the NVT ensemble.
For the three system sizes under consideration, the system exhibits a weak first-order isotropic-nematic
transition. The transition densities are calculated by using thermodynamic integration. We find that the
transition shifts to higher densities as the number of particles N increases. In addition, the transition
weakens as N gets larger. These results are used to extract information on the transition properties in
the infinite-system limit. The N dependence of thermodynamic properties are estimated from the simula-
tion results and are compared with theoretical predictions.

PACS number(s): 64.70.Md, 05.70.Fh, 61.25.Em

I. INTRODUCTION

One of the final aims in computer simulation of con-
densed matter is to obtain information on the macroscop-
ic behavior of a system. One is obviously limited by the
fact that any realistic simulation has to be performed by
considering small samples of the system under considera-
tion. It would be then desirable to know how to extrapo-
late the various properties obtained for small systems to
the infinite-size sample. In addition, it is well established
that the finite size of the simulated sample introduces sys-
tematic deviations from the bulk (infinite) behavior [1-3].
These finite-size effects are expected to be particularly no-
ticeable at phase transitions. It has not been until recent-
ly that phenomenological theories combined with Monte
Carlo simulations [1-5] have addressed the study of
finite-size effects at first-order transitions.

The main signature of any first-order transition is the
discontinuity in the first derivatives of the free energy.
This results in §-function singularities in the susceptibili-
ty and specific heat of the system. Due to finite size of
the system what is rather observed is a finite peak at
the singularities [4,5]. As reported for field- and
temperature-driven first-order transitions [4,5], this
rounding takes place with peak height increasing as V
and half-width decreasing as V1, where V is the volume
of the sample (for a given number density N/V the
relevant scaling variable can be either V or the number of
particles of the system N ; in what follows we shall use N
for convenience). Another effect related with finite N
values is that the location of the transition is expected to
be shifted from the bulk value. As recognized elsewhere
[5], this shift is not fully understood, though an N !
dependence is expected.

In the case of classical fluids there is still some contro-
versy on the extent of the N dependence of the thermo-
dynamic properties of a simulated system. Even though
a certain system-size dependence close to a phase transi-
tion is generally claimed, the situation is less clear when
the simulation deals with fluids far from the transition.
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For instance, while Guillot and Guissani [6] report that
the chemical potential of the Lennard-Jones fluid de-
pends on N, others [7] claim that this dependence is rath-
er weak. A recent work by Smit and Frenkel [8] does
indeed show that the excess chemical potential measured
by the Widom particle-insertion method exhibits a strong
N dependence. Moreover, these authors make a quantita-
tive estimation of the corrections to the chemical poten-
tial predicting an N ~! dependence. Due to the fact that
these corrections increase with the density of the system,
care should be taken as to whether phase transitions that
take place in the high-density region are still present in
the infinite-system limit. For instance, Zarragoicoechea,
Levesque, and Weis [9] have reported a Monte Carlo
study of hard ellipsoids showing that for prolate 3:1 mol-
ecules the system exhibits a significant system-size depen-
dence. These authors claim that for systems of 256 mole-
cules, the nematic phase seems not to be stable between
the isotropic and the solid phase. This behavior is to be
compared with that shown for systems of 108 molecules
where the nematic phase is indeed stable [10].

In the present work we address the study of finite-size
effects arising in the isotropic and nematic phases of a
molecular model by molecular-dynamics computer simu-
lation. It is well established that the isotropic-nematic
(I-N) transition, which implies the onset of long-range
orientational order, is weakly first order as found experi-
mentally and from computer simulation [9-12]. Most
computer simulations on this subject show that, regard-
less of the particular nature of the model under con-
sideration, the density (or volume) change at the I-N
transition amounts to approximately 2%. This value,
however, is larger than that usually reported for real
nematic liquid crystals (=0.5%). This discrepancy is
usually ascribed to the small samples which have to be
simulated due to computing-time limitations. One might
expect a closer agreement between simulation and real
experiment as the size of the simulated system goes to
infinity. Evidently, if other factors, such as molecular
flexibility, polarizability, or biaxiality, were explicitly
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considered in the models, one would also expect a better
quantitative agreement with experiments.

In this work we locate the I-N transition for systems
with N =256, 500, and 864 molecules interacting via the
Gay-Berne model [13]. This potential can be regarded as
a generalization of the spherically symmetric Lennard-
Jones potential to uniaxial ellipsoidal particles with axial
ratio a:b. This model fluid has been shown to exhibit
nematic behavior for the particular elongation 3:1 at
sufficiently high densities and temperatures [12,14,15].
By using thermodynamic integration [16] we show that
for the elongation 3:1 the nematic phase is stable for the
three system sizes investigated. As said above, this is by
no means evident.

The remaining part of the paper is arranged as follows:
In Sec. II we present in some detail the thermodynamic-
integration method. We then proceed in Sec. III to show
the computer-simulation results for the different values of
N. The I-N transition densities are calculated and the
system-size effects for the Gay-Berne fluid are studied. In
Sec. IV these results are analyzed in the light of theoreti-
cal predictions regarding the N dependence of the chemi-
cal potential. In Sec. V we summarize this work and
present its main conclusions.

II. THERMODYNAMIC INTEGRATION METHOD

Let us consider a system made up by N molecules en-
closed in a volume V. Let us consider two state points
characterized by their number density p and p,. The
thermodynamic-integration method allows the calcula-
tion of the difference in free energy between these two
states from knowledge of the pressure of the system along
a reversible path linking both states. If these states are
connected through an isotherm one has the following re-
lation:

Fy(p) FN(P())
NkBT NkB

o Pyn(p") dp’ )
po p'kgT p’

where kj is the Boltzmann’s constant, 7 is the tempera-
ture, and Fy and Py are the Helmholtz free energy and
pressure of the N-particle system (for finite systems, these
quantities depend on N). It becomes clear that, in order
to calculate Fy(p), we need to have at our disposal (a) the
equation of state Py(p), and (b) the free energy of the
reference-state point Fy(py). The reference-state point
should be chosen such that its free energy is known or
easily calculable.

For the isotropic phase, we chose the ideal-gas limit as
reference state. In such a case, it is easy to show that the
free energy at any isotropic (i) density is given by

PN(P
NkyT A%B kT

dp’ 2)
s T P

where ,Pz'-v(P) is the equation of state of the isotropic fluid
and Fid(p) is the (analytically known) free energy of N
linear rotors in the ideal-gas limit.

The free energy of the nematic (n) phase is obtained by
direct application of Eq. (1):
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Ffi(p) _ Ffi(p})

_ PR dpf
NkpT  NkpT

o P'kpT p’

(3)

where Py(p) is the equation of state along the nematic
branch of the isotherm. It should be noticed that in this
case there is not a direct reversible path linking the low-
density (ideal-gas) limit and the nematic phase because a
discontinuous phase transition has to be crossed. As a
consequence, we cannot consider the ideal gas as the
reference-state point as done for the isotropic phase. In
order to calculate the free energy of the nematic
reference-state point Fy(pg), we consider the Gay-Berne
fluid in an external field represented by the Hamiltonian

H_ (A=A 2 sin’0; , 4)

i=1

where A is the strength of the field and 0; is the angle be-
tween the axial unit vector of molecule i and the (arbi-
trary) direction of the external field. Notice that, for
sufficiently strong fields, the effect of (4) on the system is
to align molecules along the direction of the field, i.e., a
nematic phase can be artificially stabilized even for densi-
ties at which an isotropic behavior is expected in the ab-
sence of the field [10,12,17]. Proceeding in this way, we
can reversibly connect an ideal gas of oriented molecules
with the nematic reference-state point pg without cross-
ing any phase transition. Let A, be a strength value for
which the I-N transition is effectively suppressed and
consider the following reversible path: (i) Switch on the
external field at constant density p=0 from A=0 to Ay
(ii) compress the (nematic) Gay-Berne fluid at constant
external field A, from p=0 to the nematic density of in-
terest pg; and (iii) switch off the external field at constant
density pg from A=A, to 0. The change in free energy
along this artificial path will enable us to compute the
free energy of the nematic reference-state point Fy(pg) in
Eq. (3). It can be shown [12] that

FN(pO) Fl F2 + F3
Nk T A%BT NkzT ' NkyT

(5)

with
P _ = 1 (B
NipT I eetBh) 2 T T |

_ 1

B= Ky T Q)

being the external-field contribution in the ideal-gas limit,

id(n A
F, _Filpo) i) o6 | PA%p) | dp! %)
NkgT  NkgT o | p'kpT o’

being the free energy change in the compression process
in the presence of the external field, and

F3 _ 2
N@T_Nka w(zgne> ®)

being the change in free energy when the external field is
turned off. The angular brackets in Eq. (8) indicate an
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ensemble average. The free energy of the nematic refer-
ence point is finally obtained by adding up Eqgs. (6)—(8).
When this value is at our disposal, the free energy of the
nematic phase is readily calculated from integration of
the nematic equation of state in Eq. (3).

III. COMPUTER SIMULATION RESULTS

We have performed molecular-dynamics (MD) simula-
tions at constant number of particles (N), volume (¥),
and temperature (7T) for Gay-Berne fluids. According to
the Gay-Berne model [13], the intermolecular pair poten-
tial is given by

12
U, (r,T,10,0,)=4¢(T,1,,1,) {

6
I ) 9)

with d (f,1,,8,)=r —o(%,1,,8,) + 0, where r is the dis-
tance between the centers of mass of molecules 1 and 2.
The angular dependence is set in the potential through
the range and energy parameters which are given, respec-
tively, by

d(3,8,,8,

AA A N
U(r,ul,U2)_Uo

2
] , (10b)

with y=(2>—1)/(k*+1) and x'=""?—=1)/('V?+1),
where « is the molecular length-to-breadth ratio and «’ is
the ratio of the potential-well depths for the side-by-side
and end-to-end configurations.

It should be noticed that for k=«'=1, the Gay-Berne
potential reduces to the Lennard-Jones potential with
o=0, and e=¢g,. In what follows, we will consider o
and g; as length and energy units. The simulations re-
ported here were performed by considering the anisotro-
py parameters k=3 and k' =35.

The reduced temperature (T*=kyzT /e,=1.25) was
kept constant by scaling the molecular velocities step by
step [18]. For this particular temperature, we have al-
ready shown [12] that a system of 256 Gay-Berne parti-
cles undergoes a first-order transition from the isotropic
to the nematic phase. Molecules were considered as
linear rigid rotors with no rotational motion about the
main symmetry axis and with a moment of inertia

*=J/mo3=1. The equations of motion were numeri-
cally integrated by using a Gear predictor-corrector
method considering a time step Az*=0.0015 with
At*=At(mod/ey)'>
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For the three system sizes investigated, N=256,
500,864, we have basically followed the same procedure
employed in Ref. [12]. In all cases, the potential was cut
and shifted at a distance r*=r./0,=4.0. As a time-
saving device, we made use of a neighbor list. The simu-
lation box was cubic and usual periodic boundary condi-
tions were used. Initially, molecules were placed on an
fcc lattice at very low density [p*=(N/V)o3=0.02].
After a few hundred time steps, the lattice structure melt-
ed, forming a translationally disordered fluid. The corre-
sponding final configuration was then slowly compressed
in small density jumps (Ap*=0.01) always starting from
the previous equilibrated configuration. At each density,
the system was first allowed to equilibrate over approxi-
mately 10000 time steps and averages were afterwards
collected over 10 000—15 000 additional time steps.

To monitor the onset of orientational order, we fol-
lowed the behavior of the order parameter S, along the
isotherm. This quantity is defined as the simulation aver-
age of the largest eigenvalue of the Q tensor [11]:

N . .
Qa3=% ;1(%u;u;,—%5a[,> , (11)

where ufl (a=x,y,z) is the Cartesian component of the
axial unit vector of molecule i. Values of the order pa-
rameter as obtained from the simulations are included in
Table I for the three system sizes under consideration.
These values are plotted in Fig. 1 against the reduced
density. It can be seen that at low densities the system
remains orientationally disordered. The values of the or-
der parameter, however, are not exactly zero as would be
expected for an isotropic phase. It can be shown [19]
that for a finite system, S, fluctuates around an average
value of the order of 1/N: only in the thermodynamic
limit does the order parameter reach the expected zero

value. At intermediate densities (p*=0.25), order-
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FIG. 1. Orientational order parameter S, as obtained from
molecular-dynamics computer simulation for systems of 256,
500, and 864 Gay-Berne molecules in the neighborhood of
the isotropic-nematic transition at the reduced temperature
T*=1.25. Lines have been included as a fit of the simulation
data. Density is expressed in reduced units p* =po?.
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TABLE 1. Molecular-dynamics results for the orientational
order parameter S, along the isotherm T*=1.25 for the Gay-
Berne fluid with elongation 3:1 for three system sizes N =256,
500, and 864 molecules.

p* S,(N=256) S,(N=500) S,(N=864)
(a) Isotropic phase
0.200 0.060 0.041 0.034
0.210 0.064 0.043 0.032
0.220 0.066 0.055 0.044
0.230 0.087 0.055 0.041
0.240 0.074 0.049 0.042
0.250 0.077 0.060 0.046
0.260 0.076 0.080 0.046
0.270 0.123 0.071 0.039
0.280 0.126 0.051 0.053
0.285 0.159 0.061 0.046
0.290 0.100 0.080 0.049
0.295 0.151 0.086
0.300 0.177 0.112 0.057
0.305 0.208 0.104 0.089
0.310 0.358 0.119 0.114
0.315 0.311 0.151 0.057
0.320 0.325 0.289 0.065
0.325 0.336 0.372 0.227
0.330 0.227
(b) Nematic phase
0.325 0.666 0.624 0.521
0.330 0.641 0.643 0.577
0.335 0.673 0.690 0.631
0.340 0.709 0.744 0.667
0.345 0.762 0.772 0.747
0.350 0.777 0.776 0.752
0.355 0.797 0.809 0.783
0.360 0.827 0.805 0.800

parameter fluctuations become more sluggish and aver-
ages larger than 1/N are obtained. These fluctuations be-
come more evident for smaller system sizes. Upon fur-
ther compressing the isotropic fluid, a sudden increase in
the order parameter is observed. This fact is associated
with an orientational disorder-order transition. The
high-density phase was identified as a nematic fluid after
noticing that the molecular centers of mass remained
translationally disordered above the transition while the
molecular orientations displayed a well-defined average
direction of alignment. For each N-molecule system, this
preferential direction was different. This fact makes us to
believe that the periodic boundary conditions play no role
in stabilizing the nematic phase.

From Fig. 1 we can infer that the isotropic-nematic
transition shifts to slightly higher densities as the system
is larger. In addition, it seems that the pretransition re-
gion, where anomalously large order-parameter values
are found, extends over a wider range of densities for
smaller systems.

Values of the reduced pressure P*=Po}/e, are
presented in Table II. In Fig. 2 the equation of state of
the Gay-Berne fluid is shown along the isotherm T*
=1.25. It can be observed that the onset of orientational
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FIG. 2. Equation of state of the Gay-Berne fluid with k=3,
k'=35 as obtained from molecular-dynamics computer simula-
tion for systems of 256, 500, and 864 molecules along the iso-
therm T*=1.25. The continuous line corresponds to the equa-
tion of state in the infinite-size limit obtained from extrapola-
tion of the simulation data (see text). Pressure and density are
expressed in reduced units P*=Po{/g, and p* =po3, respec-
tively.

TABLE II. Molecular-dynamics results for the pressure
P*=Po}/¢, along the isotherm T*=1.25 for the Gay-Berne
fluid with elongation 3:1 for three system sizes N =256, 500,
and 864 molecules.

p* P*(N=256) P*(N=500) P*(N=864)
(a) Isotropic phase
0.200 0.920 0.918 0.903
0.210 1.052 1.051 1.063
0.220 1.233 1.241 1.232
0.230 1.438 1.429 1.434
0.240 1.660 1.692 1.684
0.250 1.958 1.965 1.954
0.260 2.287 2.290 2.274
0.270 2.629 2.645 2.666
0.280 3.115 3.100 3.097
0.285 3.319 3.374 3.372
0.290 3.603 3.584 3.569
0.295 3.840 3.902
0.300 4.158 4.174 4.191
0.305 4418 4.488 4.506
0.310 4.699 4.859 4.845
0.315 5.069 5.151 5.212
0.320 5.472 5.419 5.583
0.325 5.863 5.731 5.869
0.330 6.007
(b) Nematic phase
0.325 5.241 5.283 5.293
0.330 5.722 5.760 5.856
0.335 6.020 5.989 6.111
0.340 6.448 6.247 6.367
0.345 6.731 6.673 6.659
0.350 7.088 7.089 7.130
0.355 7.567 7.580 7.671
0.360 8.086 8.078 8.136
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order in the system is accompanied by a discontinuity in
the density of the fluid. This is what we expect from a
system undergoing a first-order transition.

The simulations were implemented on a CONVEX C-
240 computer. No optimization scheme was attempted
for the computer code and double precision was used for
all calculations. The time required for each state point
depended on the total number of particles and the num-
ber density. Typically, at a reduced density p*=0.320
(close to the isotropic-nematic transition), the CPU time
for the 256-, 500-, and 864-particle system was 0.35, 0.66,
and 1.14 sec per step, respectively. Occasionally, a
DECstation 5000/200 computer was used. In this case,
the required CPU time was greater than the CONVEX
C-240 time approximately by a factor of 1.5.

A. Location of the I-N transition

Due to the first-order nature of the I-N transition, the
values of the transition densities cannot be directly ex-
tracted from the MD results. In the case of the I-N tran-
sition, where the transition involves the onset of long-
range orientational order, a natural way to locate approx-
imately the transition is to follow the behavior of the
orientational order parameter S,. However, a mere esti-
mate of the transition densities from Fig. 1 does not seem
to be the best way to proceed if the displacement of the
transition due to system-size effects needs to be
quantified. The most reliable method for calculating the
transition densities involves the evaluation of the free en-
ergy of the coexisting phases. In this work we have used
thermodynamic integration for determining the absolute
free energies F}Q(p) and Fy(p) for a system of N Gay-
Berne particles in the isotropic (i) and nematic (n) phases
following the scheme presented in Sec. II.

For the implementation of the thermodynamic integra-
tion, a suitable parametrization of the equations of state
is needed. This was performed by fitting the correspond-
ing simulation pressures in terms of a y expansion:

2 M
P*==3 A4,y™, (12)

m=1

with y =x /(1—x), x being the packing fraction. The
coefficients A4,, were calculated by standard linear least-
squares fit [20]. The degree of the fitting polynomial M
was chosen such that the y? of the fitting was not essen-
tially reduced after considering higher orders. The iso-
tropic pressures were well represented by considering
M =6 while for the nematic pressures, a value M =3 was
considered. The equation of state of the Gay-Berne fluid
when the external field is applied was represented by a
similar expansion with M =6. The fitting coefficients for
the different system sizes and phases have been collected
in Table III.

Once the absolute free energy of the isotropic and
nematic phases has been calculated, the chemical poten-
tial of both phases can be directly obtained from the rela-
tion

PN(P)
pkgT =

pun(p) _ Fy(p)

= 13
kyT ~ NkyT 13)

ENRIQUE de MIGUEL 47

TABLE III. Fitting coefficients of the equation of state, Eq.
(12), for Gay-Berne fluids with molecular shape 3:1 as obtained
from molecular-dynamics simulation: (a) isotropic phase, (b)
nematic phase, and (c) Gay-Berne plus external field.

N =256 N =500 N =864
(a) Isotropic
A 35° 1.2500 1.2500 1.2500
A fzs" 0.9646 0.5590 0.2205
A5° 4.9552 9.9202 13.1607
Ae 6.8918 —10.8334 —21.2384
A ?° —6.6399 17.4637 30.3511
A¥° 0.9622 —9.9848 —15.2794
(b) Nematic phase
AT —9.9936 12.0204 6.1137
A5 25.5064 —12.1220 —1.3978
Az —7.9849 7.9770 3.2209
(c) External field
A 1.2500 1.2500 1.2500
ASH —0.0281 —0.0247 —0.0586
A 5.7180 4.6433 4.7284
A —0.1245 4.0425 3.5698
AL —0.0583 —5.1373 —4.2810
A —0.3706 1.5644 1.1352

The desired transition densities follow from the condi-
tions for chemical and mechanical equilibrium (i.e.,
equality of pressures and chemical potentials of both
phases). The transition densities so obtained for
N =256-, 500-, and 865-particle systems are presented in
Table IV, together with other thermodynamic properties
at the I-N transition. A detail of the isotherm T*=1.25
in the transition region is shown in Fig. 3 for the three

8F T T T T 3
P* [
6 .
27 o 256
Fad . 500
4+ 2, . —
2¥  isotropic - 864
R4
- .’y
X 41 " N PR
0.28 0.3 4 0.32 0.34

FIG. 3. Detail of the equation of state at the isotropic-
nematic transition for the reduced temperature T*=1.25. The
coexistence densities for the different system sizes have been
connected by horizontal lines. The horizontal continuous line
indicates the location of the transition for the infinite-size sys-
tem by assuming an N ! scaling behavior of the coexistence
densities at the transition.
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TABLE 1IV. Coexistence properties at the isotropic-nematic
transition for Gay-Berne fluids with molecular shape 3:1 along
the isotherm T*=1.25 for N =256, 500, and 864 molecules.
Quantities have been expressed in reduced units: p*=po3},
P*=Po}/ey, and p*=(u—p®)/kpT, with pu° being the
temperature-dependent part of the ideal gas chemical potential.
The relative density change at the transition is defined as

Apv=(pN—p7)/p¥-

N pr PN Apy Pl Biv
256 0.3232 0.3311 0.0239 5.703 16.74
500 0.3251 0.3323 0.0217 5.767 16.90
864 0.3259 0.3325 0.0198 5.868 17.12
®® 0.3277 0.3338 0.0182 5.952 17.34
o 0.3270 0.3332 0.0168 5.910 17.24

*Values obtained after solving the equilibrium conditions with
P% and u¥ (see text).

®Values obtained from extrapolation of the simulation transition
densities by assuming a linear relation with N 1.

T T T T T T

(a)

* 4

0.33 —
3

0.32 _

n L n n 1 L
0 2x107°

1/N

FIG. 4. Thermodynamic properties at the isotropic-nematic
transition as a function of the inverse number of particles N !
for the reduced temperature 7*=1.25: (a) nematic and isotro-
pic coexistence densities; (b) pressure; (c) chemical potential.
Filled dots correspond to the values obtained from solving the
equilibrium conditions with Pi°, P1em 11 and p"™ (see text).
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FIG. 5. Finite-size corrections to the free energy AFy /NkzT
as a function of the reduced density in the isotropic phase for
the reduced temperature T*=1.25. Symbols correspond to the
corrections obtained from simulation. Lines correspond to the
corrections predicted by Eq. (17).

system sizes. As expected from the behavior of the order
parameter (see Fig. 1), the transition is effectively dis-
placed to higher densities as the size of the system is in-
creased.

B. System-size effects

The thermodynamic integration implemented above al-
lows us to have the free energy (and hence the chemical
potential and pressure) of the isotropic and nematic
phases for the three finite systems. From these values, we
have calculated at each density the corresponding value
in the infinite-size limit F_(p) by assuming a linear

T T T T B T
0.4 _ simulation theory :
L o—o—o 256 - — 256 ]
~——s 500 --- 500
Al - 864 .. 864

0.2

isotropic
phase

L

L " L I Il n n L " Il
0.2 0.25 0.3
P

*

FIG. 6. Finite-size corrections to the chemical potential
Auy/kpT as a function of the reduced density in the isotropic
phase for the reduced temperature 7*=1.25. Symbols corre-
spond to the corrections obtained from simulation. Lines corre-
spond to the corrections predicted by Eq. (16).
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0.1+ isotropic -

FIG. 7. Finite-size corrections to the pressure APy as a func-
tion of the reduced density in the isotropic phase for the re-
duced temperature T*=1.25. Symbols correspond to the
corrections obtained from simulation. Lines correspond to the
corrections predicted by Eq. (18).

behavior of Fy(p), uy(p), and Py(p) with N ! and then
extrapolating to the limit N ~!—0. Even though this is
the scaling behavior expected at the transition, there is no
a priori reasons why this behavior should be also expected
away from the transition. There are, however, analytical
predictions concerning the N dependence of thermo-
dynamic properties [8] that support this expection. This
point will be considered in Sec. IV. We have not at-
tempted any other scaling law of the type N ~° with §71.
Proceeding in this way, we have calculated the coex-
istence densities in the infinite-size limit by using the
equilibrium conditions, but now using the extrapolated
values of . (p) and P (p). The values so obtained are
included in Table IV. In this table, we have also included
the values of the coexistence densities obtained by assum-
ing the same linear relation for the transition densities.
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FIG. 8. Finite-size corrections to the free energy AFy /NkpT

as a function of the reduced density in the nematic phase as ob-
tained from simulation at the reduced temperature 7* =1.25.
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FIG. 9. Finite-size corrections to the chemical potential
Auy /kp T free energy as a function of the reduced density in the
nematic phase as obtained from simulation at the reduced tem-
perature T*=1.25.

We notice that these values seem to agree quite closely
with those obtained from extrapolation of p.(p) and
P (p).

In Fig. 4 we present the coexistence densities, pressure,
and chemical potential at the isotropic-nematic transition
as a function of the inverse number of particles.

From the values of F (p) we have calculated the simu-
lation corrections to the corresponding finite-system
values, defined as AFy(p)=Fy™(p)—F(p). Finite-size
corrections to the chemical potential and pressure have
been evaluated as well. These values are presented as a
function of the reduced density in Figs. 5-7 for the iso-
tropic phase and in Figs. 8—10 for the nematic region.

IV. COMPARISON
WITH THEORETICAL PREDICTIONS

In this section we compare the simulation results
presented in Sec. III with some expressions recently de-
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FIG. 10. Finite-size corrections to the pressure APy free en-
ergy as a function of the reduced density in the nematic phase as
obtained from simulation at the reduced temperature 7% =1.25.
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rived by Smit and Frenkel [8] for the finite-size correc-
tions of thermodynamic quantities. In Ref. [8], it is
shown that to leading order in 1/N, the finite-size correc-
tion to the chemical potential is given by

2
1

_ _ dP
AN =pN TR =S5 | 5

dp

9

1—k,T
5% | ap

v, T N, T

(14)

where uy is the chemical potential for a system of N par-
ticles and u, the corresponding value for the infinite-size
system. Due to the fact that all simulations reported here
are performed at constant N, Eq. (14) cannot be directly
tested. However, as noted in Ref. [8], Eq. (14) can be
manipulated so as to obtain a more suitable expression.
From the thermodynamic relation

dopF

3 =Nu (15)

N, T

it follows that the corresponding finite-size corrections to
the free energy AF), is given by

dp
After noticing that at p=0,AFy =0, the value of AFy at
any density follows from integration in Eq. (16):
AFy(p)
NPT 1 f P P
NkyT 2NpkgT Yo

=NAuy . (16)
N, T

9 :
oP

1—k,T (17)

N, T

Given the equation of state along an isotherm, this equa-
tion can be used to calculate explicitly AFy. Once these
corrections are calculated, Eq. (16) can be used to com-
pute Auy. Finite-size corrections to the pressure can be
calculated by recalling that P=—(0F/dV)y r. After
some straightforward algebra, it follows that

AFy(p)
NkyT

APy (p)=k,y Tp?->-

3 (18)

In Fig. 5 we compare the simulation predictions for the
finite-size corrections to the free energy in the isotropic
phase AFy™ with the corresponding theoretical predic-
tions obtained from Eq. (17) for each value of N in the
range of densities considered in this work. The integra-
tion in Eq. (17) was performed for each value of N by
considering the equations of state as obtained from simu-
lation. In each case, (3p/3dP)y  was obtained from a cu-
bic spline. The theoretical finite-size corrections to the
chemical potential and pressure in the isotropic phase
were calculated by using Eqgs. (14) and (16). Comparison
with simulation is shown in Figs. 6 and 7.

These figures show that the system-size effects predict-
ed by Egs. (15)—(17) considerably underestimate the cor-
responding values found from simulation. It should be
noticed that the difference is both quantitative as well as
qualitative. Inspection of Fig. 5 shows that Eq. (17) pre-
dicts a monotonic increase of AFy, with density. Howev-
er, the simulation results indicate quite a different
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behavior for AFy: a maximum is achieved at p* ~0.25,
followed by a sudden decrease. This qualitative
difference between theoretical predictions and simulation
are also displayed by the corrections to the chemical po-
tential and pressure, as observed in Figs. 6 and 7. In
these cases, the simulation results show that finite-size
corrections are even negative in the isotropic side of the
isotropic-nematic transition (0.25 <p* <0.32), while the
predictions from Egs. (15) and (17) are positive at all den-
sities. If we recall the behavior of the order parameter
(see Fig. 1), we can tentatively ascribe the existence of
negative corrections to the large nematic fluctuations
below the transition. To understand this point further,
let us consider two system sizes N, and N, such that
N <N,. In the isotropic phase but far from the transi-
tion we expect the order parameter to behave as
S,(N,)<S,(N;). In this region, where the nematic fluc-
tuations are negligible, the difference in order parameter
values are exclusively due to the N dependence exhibited
by S, [S,(N)~N"']; furthermore, the pressure of the
system is expected to be P(N,)<P(N,) and hence the
finite-size corrections are expected to be positive. In the
pretransition region, where nematic fluctuations are no-
ticeable, we still expect smaller order parameter values
for larger system sizes, but now S,(N,)<<S;(N;).
Larger systems still retain the isotropiclike behavior
while under the same conditions smaller systems behave
closer to a nematiclike phase. As a consequence,
P(N,)>P(N;) and in this region we would find negative
corrections to finite size. This effect, entirely due to the
peculiar nature of a weak first-order transition, is not in-
cluded in Egs. (15)-(17) and hence, the discrepancy be-
tween simulation and theory should not be surprising.

We have not tried to make use of Egs. (15)—(17) in the
nematic phase because the propagation of errors make
the comparison with the simulation results meaningless.

V. CONCLUDING REMARKS

In this paper we have studied the influence of finite size
in the simulation of a molecular fluid modeled by the
Gay-Berne potential. The fluid is shown to exhibit a
weak first-order isotropic-nematic transition for systems
of 256 molecules. During this work, we have shown that
the nematic phase is still stable when larger systems are
considered. By using thermodynamic integration along
an isotherm, we have located the transition densities for
each system size. We should emphasize that this method
appears to work properly even for such a weak transition.
However, it should be mentioned that its implementation
requires simulation at many intermediate state points far
from the region of interest. This turns out to be quite
time consuming. It would be desirable to resort to other
direct methods for locating the phase transition. A possi-
ble alternative route would be to monitor the density dis-
tribution function for the order parameter Py(S,). As
noted elsewhere (see, for instance, Ref. [2]), Py (S,) devel-
ops a double-peak structure close to the transition which
allows the location of the transition (in the literature
what is rather recorded is the energy probability distribu-
tion function [5,21]). Even though this procedure implies
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very long runs to record P,(S,) with great accuracy, it
has the advantage that few runs in the region of interest
would be enough for determining the transition. Work in
this direction is presently in progress.

We have shown that the isotropic-nematic transition
shifts to slightly higher densities with increasing system
size. It is argued that the transition densities seem to
scale as N ~!. By using this scaling behavior we have ob-
tained the transition densities in the infinite-size limit.
The transition retains its first-order nature with increas-
ing N, although the density jump at the transition gets
smaller as N — 0.

System-size effects have been analyzed in the isotropic
and nematic sides of the transition. Comparison between
system-size corrections as obtained from computer simu-
lation has been made with theoretical predictions of the
N dependence of thermodynamic properties of the sys-
tem. It has been shown that the theoretical approxima-

tion underestimates the simulation corrections. More-
over, there are qualitative difference in the dependence of
these corrections on the reduced density of the fluid. It
has been argued that the negative corrections found in
simulation for the pressure and chemical potential can be
associated with the large nematic fluctuations found in
the pretransition region.
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